
 

DESCRIPTION OF A THREE-PHASE, FOUR-WIRE SYSTEM WITH A NONLINEAR 

RECEIVER AND AN ASYMMETRIC VOLTAGE SOURCE  
USING CPC POWER THEORY 

Konrad ZAJKOWSKI1, Marek WOŹNIAK2 

1 Koszalin University of Technology, Department of Energy, 15-17 Racławicka St., 75-620 Koszalin, Poland, 
konrad.zajkowski@tu.koszalin.pl 

2 Koszalin University of Technology, Doctoral School, 2 Śniadeckich St., 75-453 Koszalin, Poland, 
marek.wozniak@s.tu.koszalin.pl 

 
hDOI: https://doi.org/10.24136/jaeee.2023.010 

Abstract  This article mathematically describes a three-phase, four-wire circuit in the case of a 
nonlinear, unbalanced load, asymmetry of the power source with a periodic, non-sinusoidal 
waveform. This description uses Currents' Physical Components (CPC) power theory for three-
phase circuits. Determining the energy flow between the source and the load is possible by 
decomposing the phase current into components depending on the physical nature of the 
phenomena in this circuit. Mathematical relationships were determined enabling decomposition 
into components depending on the direction of energy flow and the causes of their creation. A 
calculation example using the determined relationships and calculation results has been 
presented. The presented computational concept is important for mathematical analyzes in 
circuits with nonlinear three-phase receivers. Knowing the nature of physical phenomena, it is 
possible to perform measures that limit the value of the current supplying the load. 
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INTRODUCTION 

The problem of mathematical description of the energy flow between the source and the 
receiver is widely discussed in the literature [1]-[18] and several power theories have been 
developed. These theories take a different approach and in practice are analyzed for electrical 
circuits with certain limitations. The most promising are two theories: Emanuel's theory [8] and 
Czarnecki's CPC [3]. These are two different approaches that have their applications in practical 
solutions. Emanuel's theory has found applications in economic settlements and measurements 
in the power system, while the CPC theory works well in the case of detailed mathematical 
analyzes and power factor improvement. 
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Active power for a passive system has been precisely described by the active component of 
the current according to Fryze's theory [1], while the definition of apparent power in three-phase 
circuits is ambiguous. 

There is a well-known definition of apparent power by F.Bucholz [2] from 1922 for a three-
phase source with sinusoidal waveforms in the form: 
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The apparent power presented in this form has not been widely used in technology, but in 

special cases it is still used today. The form of apparent power introduced in 1935 by H.L.Curtis 
and F.B.Silsbee, called arithmetic apparent power, became more popular: 
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The third definition of this power is a commonly used form called geometric apparent power: 
 

22 QPS  . (3) 

 
Dependencies (1), (2) and (3) give the same results only in the case of symmetry, for a three-

phase balanced receiver, with sinusoidal current and voltage waveforms. Failure to meet even 
one of these conditions causes the results obtained from these equations to be contradictory. 

Correct performance of power compensation [11], [12], [19], [20], as well as determining the 
energy parameters of three-phase circuits depend on the adopted definition of apparent power. 
Building the power theory on several foundations of apparent power causes the obtained results 
to be contradictory even in the case of sinusoidal waveforms. 

The power factor is closely related to energy losses in the energy system [21]-[40]. Lowering 
the power factor value increases transmission losses. It is therefore proposed to choose the 
definition of apparent power, paying particular attention to the assessment of these losses. Only 
the apparent power calculated according to equation (1) gives the correct power factor value. 
This definition is an extension of the definition in single-phase circuits S = ║u║∙║i║. 

1 MATHEMATICAL DESCRIPTION OF THE CIRCUIT 

The aim of the analysis is to decompose the current into components depending on the 
physical properties in the circuit. Such decomposition will enable the construction of a method to 
improve the power factor in a situation where the receiver is a nonlinear three-phase, four-wire, 
unbalanced system, powered by a three-phase source with non-sinusoidal periodic waveforms. 

Harmonics of voltages with positive and negative sequences are transmitted through the 
transformer (Fig. 1). 
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Fig. 1. Power system structure for a nonlinear three-phase receiver in Y configuration 

Symmetrical harmonics of zero sequences are not transferred from the source to the 
secondary side of the transformer. Such harmonics can only occur on the secondary side of the 
transformer if they are generated by a nonlinear load. The three-phase voltage and current 
vectors are defined as follows: 
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where the complex three-phase vectors are: 
 

,

T

S

R



















n

n

n

n

U

U

U

U   .

T

S

R



















n

n

n

n

I

I

I

I  (6) 

 
The effective (RMS) values of three-phase voltage and current are: 
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The nonlinear receiver behaves as a harmonic generator and a load on the power grid. Energy 

phenomena associating the generation of harmonics by a nonlinear receiver will be marked with 
the index "C", while those having their source in the power system will be marked with the index 
"D". 

The description of power and current distributions according to the CPC theory will be possible 
by observing the instantaneous values of line currents iR, iS, iT and voltages uR, uS, uT relative to the 
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neutral point N. In the case of non-sinusoidal periodic waveforms, the direction of energy flow 
between the source and the nonlinear receiver may be different for individual harmonics [6]. It 
will depend on which of the C or D systems contributes to the creation of a given harmonic. It is 
best to consider the situation for each nth harmonic separately. The set of all harmonics occurring 
in the system (Fig. 2) is denoted by "N". This set can be divided into: the set of harmonics ND 
corresponding to the pulsations of the components describing the energy flow from the D to C 
system, and NC - the opposite flow. 

 

 

Fig. 2 Combination of a nonlinear receiver (C system) and a three-phase source (D 
system) 

The active power associated with the flow of energy from the source to the receiver is the 
positive power PDn, and the negative power associated with the opposite direction is PCn. The 
direction of energy transfer in a three-phase circuit is determined by examining the sign of the 
three-phase active power of the nth harmonic Pn. 
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This approach assumes that the direction of energy flow for the nth harmonic in all phases is 

the same. If the directions of energy flow in individual phases are different, the three-phase active 
power of the nth harmonic Pn will be the resultant power characterizing the three-phase power 
circuit. 

With the adopted notation, the set of N harmonics was divided into ND and NC sets [19]. 
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When the active power Pn for the nth harmonic is positive, it should be assumed that it comes 

from the D system (Fig. 3a), or the power produced by it PDn dominates, due to the direction of 
energy flow, over the harmonic current of the same order generated in PCn receiver. Otherwise, it 
is possible to extract a set of NC harmonics (Fig. 3b). 

 
Active power is the sum of two powers [9]: 
- PD – the active operating power - generated by the voltage source ED and lost on the 

admittance of the YC receiver (Fig. 3a), and 
- PC – the active reflected power - generated by the current source JC and lost on the internal 

impedance ZD of the source (Fig. 3b). 
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The PD component is positive - due to the flow of energy from the source to the receiver, while PC 
is negative - due to the change in the sign of the current direction. 

The set of N harmonics contains subsets ND and NC, which group harmonics in terms of the 
direction of energy flow of the nth harmonic (n = 1…N) from D to C and from C to D, respectively. 

 

 

Fig. 3 Block representation of the concept of energy flow between C and D systems 

 
In certain situations, it is possible to observe the generation of the same harmonics by a 

nonlinear receiver that already existed in the power grid. In practical measurements, this 
condition is difficult to locate and is manifested by an increase in the amplitude of the nth voltage 
harmonic after connecting a nonlinear receiver. In this situation, energy flow is possible either in 
the direction from D to C or from C to D. 
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while with the opposite flow they are: 
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In this way, the components were decomposed into two subsets related to the direction of 
energy flow, which is a consequence of the physical phenomenon that caused it: 
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Due to the fact that the NC and ND sets are disjoint, the voltage and current components are 

mutually orthogonal, so the following relationships occur: 
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The active power, together with the current and voltage at the load terminals, were divided 

into components related to the direction of energy flow. 
The interaction between source and load is considered through the superposition of both 

phenomena C and D analyzed individually. 
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The energy flow from the source to the load is analyzed for harmonics belonging to the ND set. 
In this direction of energy, the current must be decomposed into components that are physically 
dependent on individual phenomena in the circuit - in accordance with the concept of the CPC 
power theory. 

The first and most important component is the element related to active power. The 
equivalent conductance in a four-wire system for the nth harmonic is: 
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where: m – multiple of active phases.   
 

This conductance is determined from the active power PD affecting the phase conductances GR, 
GS, GT of the C system. The equivalent conductance is associated with the current component, 
which in the case of a non-sinusoidal periodic waveform is: 
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Therefore, the equivalent conductance to the nth harmonic is associated with the component icD, 
the resultant value of which is: 
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The current component iaD, independent of the harmonic, depends on the resultant active power 
PD and the value of the equivalent conductance Ge. 
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The value of the conductance Ge is determined knowing the resultant active power PD of the 
three-phase load from the relationship: 
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When the conductance Gen varies with the order of the harmonic, there is a non-zero scattered 
component of current isD. This component is equal:  
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The effective value of the scattered component is: 
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The shift of the current relative to voltage function is obtained by introducing the equivalent 
susceptance, which is: 
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Equations (15) and (22) give the formula for the equivalent admittance in a four-wire system: 
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Using the complex rotation factor: 
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it is possible to define a three-phase unit vector for the positive 1p, negative 1n and zero 1z 
sequences: 
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In a four-wire system, in the case of asymmetry, the phase voltages for the nth harmonic are 
described by symmetrical components, which can be determined from the relationship: 
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The equivalent susceptance (22) is associated with the reactive component of current, which is 
consistent with the phase sequence of the power source and is equal: 
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When the load is unbalanced, the nth harmonic of the current also contains an unbalanced 
current, which is equal: 
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The unbalanced component (27) is asymmetric, which can be represented as the sum of vectors 
of symmetric components with positive, negative and zero sequences: 
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This current can be expressed in quantities describing a three-phase load. For a symmetric 
component on positive sequence it will be:  
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while for a symmetric component on negative sequence it will be: 
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for a symmetric component on zero sequence it will be: 
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These vectors are mutually orthogonal, so for effective values it is correct to write: 
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The complex RMS values of the unbalanced component create the relationship: 
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This means that for harmonics in the positive sequence, according to (29), from equality (33) one 
obtains: 
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(34) 

where  Yun – the unbalanced admittance. 
 

For harmonics in the negative sequence, according to (30), from equality (33) one obtains: 
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while for harmonics in the zero sequence, according to (31), from equality (33) one obtains: 
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Comparing equations (34), (35) and (36), an complication can be observed in the definition of the 
unbalanced admittance Yun. In order to standardize the notation, a generalized complex rotation 
coefficient can be used: 
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The unbalanced admittance decomposed into symmetric components in the universal 

notation will be in the form: 
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The values of these admittances depend not only on the load admittance for the nth harmonic, 
but also on the harmonic sequence. Moreover, analyzing equations (34), (35) and (36), it can be 
seen that for the nth harmonic only two unbalanced admittances have a non-zero value. The third 
takes a value equal to zero. 
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Multiplications of the rotation coefficients  and (n) cause an angular jump of the rotation 
vector by 1200 according to the relationship: 
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Therefore, the unbalanced admittances for symmetric components in the positive and negative 
sequences, according to (39) and (40), can be presented respectively as: 
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The effective values of the symmetric components of current for the unbalanced component 

are equal: 
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The current iD flowing from D to C system has been decomposed into components describing 
various physical phenomena according to the relationship: 
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These components are orthogonal, so there is a relationship between the effective values that 
can be presented mathematically and graphically: 
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Fig. 4. Interpretation of three-phase current vectors for a four-wire connection with 
nonsinuso-idal periodic waveforms using multidimensional space 

 
Taking into account NC harmonics and equation (13) for all current components should be 
written: 
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There is a relationship between the effective values of these currents: 
 

.
22

u

2

r

2

s

2

a

2

CDDDD iiiiii   (47) 

 
The physical components of the current (46) are related to characteristic physical phenomena 
and can be dimensioned thanks to measurements at the load terminals. However, it must be 
emphasized that these currents do not exist physically - they are only the result of mathematical 
decomposition. Therefore, these are more mathematical than physical quantities. The following 
components were obtained: 
- the vector of the active current component iaD depends on the active power PD of the load 

and, at the same time, on the resultant equivalent conductance Ge (18) of the load. The value 
of this conductance describes a purely resistive receiver and is directly proportional to the 
active power PD and inversely proportional to the square of the effective voltage value uD. The 
effective value of this component is: 
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- the vector of the scattered current component isD (20) with an effective value equal to (21), 

appears when the equivalent conductance Gen of the load, changes with the harmonic order. 
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- the vector of the reactive current component irD (26) appears when there is a non-zero phase 
shift between the current in and voltage uDn vectors, for any harmonic in any phase. The 
condition for the existence of this shift is non-zero equivalent susceptance Ben ≠ 0. 

- the vector of the unbalanced current component iuD appears in the case of non-zero 
unbalanced admittance Yun ≠ 0. 

- the vector of the current component iC generated by the nonlinear receiver, flowing from C to 
D system, determined from formula (12). 

- Analogously to the current decomposition (46), decomposition in the power domain is 
possible, i.e. the apparent power S [VA] is presented by considering two directions of 
interaction: 

- from D to C system as: active power PD [W], reactive power QD [var], scattered power DsD [VA] 
and unbalanced power DuD [VA] 
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- from C to D system: power SC [VA] is returned, which acts on the internal impedance ZD of the 

source (Fig. 3). 
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The total apparent power of the system can be presented as: 
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The combination of C and D systems is described by the power of mutual influence SDC: 
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Ultimately, the power equation is: 
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where active power is: 
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With this approach, the power factor is: 
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The SC power is composed of active power PC [W] and reactive power QC [var]. The PC power 

acts on the RD real part of the impedance in D system, while the QC power acts on the XD 
imaginary. 

 

Fig. 5. Graphical representation of power behavior in a three-phase, four-wire system 
with periodic non-sinusoidal waveforms with a nonlinear receiver and with asymmetry 

 
These powers have no physical interpretation. They are the result of multiplying the values of the 
effective physical components of current with voltage. 

Both directions of energy flow should be analyzed separately. The determination of equations 
describing the phenomena of energy flow in particular directions must be carried out as: 

 
- the energy flow from the nonlinear receiver to the source (from C to D system); 

The current harmonics iC caused by the source JC in each phase act on the impedance ZD (Fig. 5). 
This interaction creates a potential difference, which for phase x, where x = {R, S, T}, is: 
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- energy flow from the source to the nonlinear receiver (from D to C system); 

The harmonics of the current iD caused by the ED source in each phase affect the passive YC. The 
line voltage for phase x is: 
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- harmonics appearing simultaneously in both ED and JC sources are characterized by the 
possibility of transmitting energy in one or the other direction, and the actual direction 
depends on the dominance of the source. In this case, for phase x, the following relationship 
will be: 

.
1 DxnCxn

DxnCxnDxn
xn

ZY

ZJE
U




  (58) 

2 EXAMPLE AND DISCUSSION 

A single-phase nonlinear load was connected to a real three-phase source (Fig. 6), whose internal 

impedance ZD consists of resistance RD = 0.01 Ω and inductance LD = 0.5/ mH. The pulsation of 

the source is  = 250 rad/s, while a symmetrical three-phase voltage source is: 
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Fig. 6. The nonlinear single-phase receiver connected to a three-phase power source 

 
The nonlinear receiver was powered from the R phase. It has resistance RC = 0.1 Ω and 

inductance LC = 0.001/ H,  and generates harmonic current into the power grid: 
 

    A. 7sin22sin102R ttj     

 
The impedances and admittances of C and D systems are: 
 

n 1 2 5 7 

ZDn [] 0.01+j0.05 0.01+j0.1 0.01+j0.25 0.01+j0.35 

YCn [S] 5–j5 2–j4 0.3846–j1.9231 0.2–j1.4 
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The first and fifth harmonics appear only in the D system, so equality (57) will be used to 
determine the UR voltage value, for the seventh harmonic - equality (56), and for the second 
harmonic - equality (58). The voltages in the remaining phases are equal to the voltages of the ED 
sources. 
 

n 1 2 5 7 

UR [V] 172.83–j26.59 55.48–j6.96 20.15–j1.04 0.03–j0.47 

US [V] –115+j199.19 –40–j69.28 –15–j25.98 0 

UT [V] –115–j199.19 –40+j69.28 –15+j25.98 0 

IR [A] 731.21–j997.11 73.14–j235.85 5.74–j39.16 –1.34+j0.05 

PR [W] 152.89∙103 5698.84 156.63 –0.02 

 
The current in the R phase was determined from the relationship IRn = URn YCn – JRn, and the active 
power from the relationship PRn = Re{ URn I*Rn}. 

The second harmonic current is generated by the D system and is partially reduced by the 
nonlinear load by the value JR,2 = 2 A. However, this does not change the direction of energy flow 
because PR,2 > 0. Changing the direction of energy flow is occurs for the seventh harmonic n = 7. 

The active powers are equal to the powers in the R phase and according to formulas (11) and 
(12) are: 
PD = PR,1 + PR,2 + PR,5 = 158745.65 W, 
PC = – PR,7 = 17.94 mW, 
P = PD – PC = 158745.63 W. 

As you know, active power is the power responsible for the effective part of electrical energy 
that the load actively uses for energy transformation. However, not every receiver is able to use 
energy with higher harmonics. For example, a synchronous or asynchronous machine actively 
uses only the power P1 of the fundamental harmonic. The remaining harmonics have an 
unfavorable effect, causing disturbances in the rotating magnetic flux, which translates into 
deterioration of efficiency. In this example, the active power that is not actively used in the 
receiver is: 

 W,855.495
1

H 



n

nPP  
 

 
which is 3.7% of the total power P. Assuming a proportional relationship between the engine 
torque and its power, this means a 3.7% drop in torque, even though the active energy 
consumption counter will count the total power P1+PH. 

For a single-phase load according to equation (23), the equivalent admittance Yen is equal to 
the admittance YCn in the R phase. 

The effective value of voltage uD is determined from (7) and (11). For this purpose, only those 
voltage components that cause energy to flow from D to C system should be used. The flow in 
this direction takes place only in the R phase for the 1st, 2nd and 5th harmonics. 
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From (19), the value of the equivalent conductance is Ge = 4.65 S, while from (48) the active 
power PD forces the flow of current iaD with an effective value equal 859.5 A.  

The effective value of the scattered component isD according to (21) is equal 181.96 A, while 
according to (26) the effective value of the reactive current component irD is equal 903.32 A. The 
current iD is determined from (11) and is equal 1261.52 A. This means that the unbalanced 
component is equal 

 

A. 01.60
2

r

2

s

2

a

2

u  DDDDD iiiii   

 
The component of the current flowing in the opposite direction is determined for the 7th 
harmonic and is  

A. 34.17,R  ICi   

 
The individual power components are: 
 

 VA, 56.232997
2222
 CDCDS iiuuiu   

 VA, 68.232996 DDDS iu   

  W,65.158745DP   

 VA, 65.33606ss  DDDD iu   

  var,31.166838r  DDDQ iu   

 VA, 47.11083uu  DDDD iu   

 mVA, 28.628 CCCS iu   

   mW, 94.17
*

7,R7,R  IUePC
  

   mvar, 03.628
*

7,R7,R  IUmQC   

 VA, 33.641
2222
 DCCDDCS iuiu   

  W.63.158745P   

 

 

Fig. 7. Decomposition of power components in the power balance 

According to (55), the power factor is  = P/S = 0.681. 
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Classic power compensation [10], [12], which involves zeroing the QD power, improves the 
power factor to 0.976. Performing two-stage compensation according to [16] resets the QD and 
DuD power to zero, which improves the power factor to 0.978. The use of a series compensator as 
another additional element [18] makes it possible to additionally reset the DsD power to zero, 
which results in an improvement of the power factor to the value 0.9999917. Further 
improvement of the power factor is impossible. 

3 CONCLUSION 

The method of analysis adopted, based on knowledge of the parameters of source JC, may be 
questionable. Determining these parameters in reality may be difficult. The JC source parameters 
actually depend on the values of other elements in the circuit and have an implicit functional 
dependence on: parameters of D system, power grid impedance, impedance of C system and 
other harmonics. For this reason, the parameters of the JC source are not stationary and change 
their values as a result of changes in any parameter in the circuit. 

The ambiguity in the description of the electric circuit in various power theories results from 
the lack of a comprehensive mathematical description of the power system. Therefore, research 
in this field is still justified and needed. 

SYMBOLS 

1p,1n,1z three-phase unite symmetrical vectors 

 120° rotation operator 
B susceptance, S 

 generalized complex rotation coefficient 
Du unbalanced power, VA 
Ds scattered power, VA 
e instantaneous value of the voltage source, V 
E effective value of the voltage source, V 
G conductance, S 
i instantaneous value of the line currents, A 
i vector of instantaneous currents in a three-phase system, A 
ia active component of current - three-phase vector, A 
is scattered component of current - three-phase vector, A 
ir reactive component of current - three-phase vector, A 
iu unbalanced component of current - three-phase vector, A 
I effective value of phase current, A 
I vector of complex currents in a three-phase system, A 
j instantaneous value of the current source, A 
J effective value of the current source, A 
L inductance, H 
m multiple of active phases 
P active power, W 
Q reactive power, var 
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R resistance, Ω 
S three-phase apparent power, VA 
u instantaneous voltage values relative to the virtual star point, V 
u vector of instantaneous voltages in a three-phase system, V 
U effective value of phase voltage, V 
U vector of complex voltages in a three-phase system, V 
Y admittance, S 
Z impedance,  

SUBSCRIPTS 

R,S,T,N phase and neutral wires 
D a set of components describing the flow of energy from D system to C system 
C a set of components describing the flow of energy from C system to D system 

ACRONYMS 

THD Total Harmonic Distortion 
CPC Currents Physical Components 
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