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Abstract —The global stability of positive discrete-time time-varying nonlinear systems with time-varying scalar feedbacks is
investigated. Sufficient conditions for the asymptotic stability of discrete-time positive time-varying linear systems are given. The
new conditions are applied to discrete-time positive time-varying nonlinear systems with time-varying feedbacks. Sufficient
conditions are established for the global stability of the discrete-time positive time-varying nonlinear systems with feedbacks.
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INTRODUCTION

In positive systems inputs, state variables and outputs take
only nonnegative values for any nonnegative inputs and
nonnegative initial conditions [1, 4, 7]. Examples of positive
systems are industrial processes involving chemical reactors,
heat exchangers and distillation columns, storage systems,
compartmental systems, water and atmospheric pollutions
models. A variety of models having positive behavior can be
found in engineering, management science, economics, social
sciences, biology and medicine, etc. An overview of state of the
art in positive systems theory is given in the monographs [1, 4,
7,10,11, 15, 16).

The stability of nonlinear continuous-time standard and
fractional positive systems have been analyzed in [2, 3,5, 6,9,
11, 12, 14, 16, 18]. The positive different orders fractional linear
systems has been introduced in [8, 9]. The dynamical properties
of linear systems with state Metzler matrices have been
analyzed in [17]. The decentralized stabilization of descriptor
fractional positive systems with delays have been investigated
in [21, 22] and the practical stability and robust stability of
discrete-time fractional linear systems in [18, 20]. The global
stability of positive time-varying nonlinear feedback time-
varying systems has been considered in [13]. In this paper the
results of [13] will be extended to positive discrete-time time-
varying nonlinear systems.

The paper is organized as follows. The properties of
positive discrete-time linear systems are recalled in section

2. New sufficient conditions for the global of positive time-
varying discrete-time are established in section 3.The main
result of the paper the sufficient conditions for the global
stability of positive time-varying nonlinear is presented in
section 4. Concluding remarks are given in section 5.

The following notation will be used: R - the set of real

numbers, R"™™ - the set of nxm real matrices, R'’"
- the set of nxm real matrices with nonnegative entries

and R" =R, M, -the set of nxn Metzler matrices
(real matrices with nonnegative off-diagonal entries), /,, -
the nxn identity matrix.*

|. DISCRETE-TIME LINEAR SYSTEMS

Consider linear discrete-time system described by the
equations
Xiy =Ax;+Bu;, ieZ, ={0,1,...} (1a)

Vi =C%, (1b)
where x; e R", u; e R, y; e R arethestate, input and
1 1 yl

outputvectorsand 4 € R™", Be R, C e RP".

1 This work was carried out in the framework of work No. WZ/WE -
1A/6/2020.
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Definition 1. [4, 7, 11] The system (1) is called (internally)
positive if x; € R} and y; €eRY, ieZ, for any initial

conditions x € R} andallinputs u; e R} ,ieZ, .
Theorem 1. [4, 7,11] The system (1) is positive if and only if

Ae ‘.Rf_xn , Be ‘.Rf_xm ,Ce \ﬁfxn ) (2)
Definition 2. [11] The system (1) is called asymptotically stable
(shortly stable) if the matrix 4 is a Schur matrix.
Theorem 2. [11] The positive system (1) is asymptotically stable
ifand only if:
1)  All coefficients of the polynomial

py(z)=det[l, (z+1)-A4]

=z"+a, 2" 4. +aiz+a, a)

are positive, i.e. a; >0 for i=0,1,...,n—1.
2) There exists strictly positive vector
=[x 2,00, 2450, k=1,...n suchthat

[A-1,02<0 or A[4-1,]<0.  (3b)
Theorem 3. The positive system (1) is asymptotically stable if
the sum of entries of each column (row) of the matrix A is less
thanone.
Proof. The proof follows from condition (3b) for
AT =1 17 A<[l ... 1] i the
sum of entries of each column of the matrix A4 is less than 1.
Proof for rows is similar. o

1] since [1

Il.  ASYMPTOTIC STABILITY OF POSITIVE TIME-VARYING
DISCRETE-TIME LINEAR SYSTEMS

Consider the time-varying discrete-time linear system
Xiy = A@)x; + By, i€Z, ={0,1,...} (4a)

Y=o, (4b)
where x; € R", u e R", Vi€ R’ are the state, input and

output vectors and  A(i) e R™", B@)eR”",

C(i) e RP"" are bounded matrices with entries depending of

A

Definition 3. The matrix A(i) is called positive one if all entries

are not-negative functions of .

Definition 4. The system (4) is called positive if its matrices

A(i) , B(i) and C(i) are positive.

Theorem 4. The solution of equation (4a) for known initial

condition x, € R” andinput u; e R"™, i e Z, isgivenby
i-1

X% =000+ Y O, j+DB()u;, i€Z,  (5a)

j=0

and
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i1
Yi =CHOPE0)xg + ZC(i)fb(i s J+D)B(ju; , i€ Z, (5b)
j=0
where

I for i=;>0
cb(i,j>={ ' !

. . . e B
A -1)AG-2)...A(j) for i>;j=>0

Definition 5. The positive system (4) for ;=0 is called

asymptotically stable if limx;=0 for all nonzero initial
i—0
conditions xo € R .

Consider the autonomous positive time-varying linear
system

X =A0)x;, x;€R",ieZ, ={0,1,..} (6)

where x; € R” isthestatevector, A(i) € R™" ,andthe

positive time-invariant system
X =Ax;, €Wy, ieZ, ={0,1,..} 7
where x; € R” isthestatevectorand 4 € R"™" .
The matrix A=[a ;] of the system (7) with the matrix
A(i) =[a i ()] ofthe system (6) arerelated by
aj :Org_eg;ajk(i) for j,k=1,...n. (8)

Theorem 5. The positive time-varying linear system (6) is
asymptotically stable if the positive time-invariant system (7) is
asymptotically stable.

Proof. From (8) and Theorem 3 it follows that the asymptotic
stability of the linear time-invariant system (7) implies the
asymptotic stability of the time-varying system (6). 0

Example 1. Consider the positive time-varying linear system (6)
with the state matrix

04¢”  0.3sin %(i +1)

Al = ) )
0.5cosZi 0.2 e +cosZi
2 2

Taking into account (8) and (9) we obtain

04¢” 03sin %(i +1)

A = max . .
0<i<oo| s —i o
0.5cos 3 i 0.2[6 + cos 3 zj (10)

0.4 03
105 02f
From Theorem 3 applied to the time invariant linear system
with the matrix (10) it follows that the system is asymptotically

stable. Therefore, by Theorem 5 the time-varying system with
the matrix (9) is also asymptotically stable.
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lll. GLOBALSTABILITY OF POSITIVE NONLINEAR
TIME-VARYING SYSTEMS

Consider the positive system shown in Fig. 1 which consists
of positive discrete-time time-varying linear part, positive
discrete-time time varying linear feedback, nonlinear element

and continuous to discrete (C-D) and discrete to continuous (D-
C) converters.

VOO0

- u U r— Vi
Nonlinear element HC -D I—l>|Ln1ea1' part |—'—>

Fig. 1. Positive nonlinear feedback system

The positive time-varying discrete-time linear systemis
described by the equations

Xin = AG)x, + B, ieZ, =1{0,1,..} (i1a)
¥ =Cl)x;,

where X; € R, u; €N, , y; €N, arethe state, input and

(11b)

output vectors and  A() e R™", B(@)eR™!,

C(i) eR>".

The characteristic of the nonlinear element is shown in Fig. 2
and satisfies the condition

0<8@ koo (12)
e

u
A

ke

fle)
e

Fig. 2. Characteristic of single-input single-output nonlinear
element

The single-input single-output discrete-time feedback element
is described by the equation

&=hy, ieZ, ={0,1,..}. (13)
Substituting (11b) into (13) we obtain
e =hC)x;, ieZ, =10,1,..}. (14)

From (12) we have u = f(€) < ke and taking into account (14)
we obtain
u; <ke;=khC(i)x;, ieZ =10,1,..}. (15
Substitution of (15) into (11a) yields
X;4 S AG) + kR B)C@)x; = A.()x; ,
ieZ, ={0,1,..} (16a)
where

A, ()= A() + kiyBG)C(i)x; e R . (16b)

Applying to the positive discrete-time system (16) Theorem 5
we obtain the following.

Theorem 6. The positive discrete-time nonlinear system shown
in Fig. 1is globally stable if the matrix (16b) satisfies Theorem 5.
For example applying Theorems 6 and 4 to the positive
nonlinear system we may find the minimal value of k satisfying
the condition (12) for which the positive time-varying nonlinear
systemis globally stable.

Example 2. Consider the system shown in Fig. 1 with the
discrete-time time-varying object (11) with the matrices

02e7 sinZi 0.1e™ cos (i +1)
()= 2 2
0.2 cos —i 03¢’
L 2
i . T
. 0.3sin—1i
B(i)= 2 (17)
| 0.2¢
C(H)=[02(1+e™) 0.4(1-0.5¢7)]
and the feedback gain
B=0.6(1+e),ieZ, ={0,1,..}. (18)

Find the minimal value of k satisfying the condition (12) for
which the positive nonlinear time-varying system is globally
stable. Using (16b), (17) and (18) we obtain
A, (i) = A@D) + kh; B()C(i)
02¢7 sin i 0.1e cosZ(i+1) ,
= ﬂ2 2 +k0.6(1+¢")
0.2cos7i 0.3¢™"
(19a)
0.3sin—; » »
x 2 [02(1+e™) 0.4(1-0.5¢7")]

0.2¢™"

:|:Avll(i) Aglz(i)}
A1) Agp (D) [
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A, () =026 sin %z‘ +k0.6(1+e7)
.. —i
% (0.3sin 31)0.2(1 +e),

Aun (i) =0.1¢" cos %(i +1)+k0.6(1+e7)

x (0.3sin %i)OA(l —0.5e7), (19b)
. T . —i
Ay ()= 0.2cos? +k0.6(1+e")
x(0.2¢7H0.2(1+ ™),
Ay () =0.3e™ + £0.6(1+ e )(0.2¢7)
x0.4(1-0.5¢7").
Applying to (19) Theorem 4 we obtain
~ [02+k0.144 0.1+£k0.072
4.()< (20)
0.2+4k0.096 0.3 +£0.048
and using Theorem 3 for columns: column

l—kSE:Z.S, column 2—k§£:5 for rows:
0.24 0.12

=3472.
144

Therefore, the positive nonlinear system is globally stable for
k<25.

row 1 —k< =3.241,row 2-k<
6 0

IV. CONCLUDING REMARKS

The global stability of positive discrete-time time-
varying nonlinear systems with positive time-varying scalar
feedbacks has been investigated. Sufficient conditions for
the asymptotic stability of discrete-time positive time -
varying linear systems have been proposed (Theorem 5).
The new conditions have been applied to discrete-time
positive time-varying nonlinear systems with time-varying
feedbacks. Sufficient conditions are established for the
global stability of the discrete-time positive time-varying
nonlinear systems with feedbacks (Theorem 6) and
illustrated by numerical example. The considerations can
be extended to positive descriptor time —varying nonlinear
systems. An open problem is an extension of these
considerations to the fractional orders nonlinear feedback
systems.
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